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A long range corrected range separated hybrid functional is developed based on the density matrix expansion
(DME) based semilocal exchange hole with Lee-Yang-Parr (LYP) correlation. An extensive study involving the
proposed range separated hybrid for thermodynamic as well as properties related to the fractional occupation
number is compared with different BECKE88 family semilocal, hybrid and range separated hybrids. It
has been observed that using Kohn-Sham kinetic energy dependent exchange hole several properties related
to the fractional occupation number can be improved without hindering the thermochemical accuracy. The
newly constructed range separated hybrid accurately describe the hydrogen and non-hydrogen reaction barrier
heights. The present range separated functional has been constructed using full semilocal meta-GGA type
exchange hole having exact properties related to exchange hole therefore, it has a strong physical basis.
I. INTRODUCTION
Density functional theory (DFT)1–3 is de-facto the
standard many-body formalism to calculate the elec-
tronic and structural properties of atoms, molecules, and
solids from small to large scale. It is an exact the-
ory only if the exchange-correlation (XC) energy func-
tional, which contains all the crucial many body ef-
fects are known exactly. But, practically, Kohn-Sham
(KS) formalism uses approximate XC functional because
the exact form of XC functionals is unknown. In DFT
there is mainly two class of approximations that have
been used widely. One is semilocal formalism and other
is the hybrid functional theory4–26. All these approx-
imations are classified through the Jacob’s Ladder ap-
proximations, which arranges all the XC according to
their complexity and accuracy. The first three rungs
of the Jacob’s ladder are recognized as the local den-
sity approximation (LDA)27,28, generalized gradient ap-
proximation (GGA)10,29,30 and meta-generalized gradi-
ent approximation (meta-GGA)16,17,20,22. The GGAs
and meta-GGAs are extensively used due to their low
computational cost and accuracy in chemistry and con-
densed matter physics.31–34. All these semilocal func-
tional are computationally very cheap because they in-
volve density (ρ), gradient of density (∇ρ) and Kohn-
Sham kinetic energy density (τ = 12
∑occ
i |∇ψi|2) as their
ingredients. Semilocal functionals achieve remarkable ac-
curacy in describing atomization energies35–38, surface
properties40 of solids, bulk modulus40, lattice constants
41–43, bond lengths39,40, cohesive energy44. But, due to
the absence of desired non-locality45,46 of the semilocal
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approximations of exchange hole they drastically failed
in few cases especially in describing excited state proper-
ties such as band gap, excitation energies, reaction bar-
rier heights47, Rydberg excitation, the stability of anions
and dissociation curve48,49.
The source of errors in describing all the above phe-
nomena accurately within semilocal formalism can be
understood as the lack of many electron self-interaction
(MESI)47–56. It has been observed that semilocal func-
tional accurately describe the total energy at integer par-
ticle numbers but due to the lack of self-interaction er-
ror (SIE) they deviate from exact curve at fractional oc-
cupation number 47,49,54,56. Unlike Hartree-Fock (HF),
in semilocal functionals, the exchange energy only par-
tially get canceled by the coulomb interaction for one
electron. However, it is observed that the problem of
MESI can be abated by mixing part of HF with semilo-
cal functionals. All these are known as the hybrids
functional8,9,13,14,35,48,56–64, which mix the HF either in
globally (hybrids)9,13,35 or only in some portion either
in long range or in short range (range separated hy-
brids) 48,56,57,59,60,64. The essence of mixing HF with
the semilocal was first realized by Becke 9. Among the
hybrids the most popular one B3LYP9, PBE013, LC-
ωPBE60, HSE0657. All the range separated functions
use HF in the long range to improve the asymptotic cor-
rection of potential. Only, exceptional is HSE06, which
uses HF in its short range. The HSE06 has been designed
from solid state properties point of view as solids have no
asymptotic tail and, it has been observed that using HF
in the short range reduces the computational cost of cal-
culation. The HSE06 is very popular in describing solid
state band gap. Whereas, LC-ωPBE very popular in
predicting reaction barrier height. Among Others func-
tionals, the CAM-B3LYP are long range corrected and
remarkably accurate in describing dissociation curve and
reaction barrier heights over the B3LYP hybrid. The
CAM-B3LYP59 are obtained from the thermochemical
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point of view, which uses B88 exchange with both Lee-
Yang-Parr (LYP)6 and Vosko-Wilk-Nusair (VWN)27 cor-
relation. Later, it has been observed that further modifi-
cations over CAM-B3LYP can be done by tuning the pa-
rameters so that the fractional energy curve may be made
close to that of exact one48. Removing MESI improve
many properties especially dissociation limit and reac-
tion barrier. Not only that, very recently, further mod-
ification over CAM-B3LYP has been attempted56 using
Bartlett’s ionization potential (IP) theorem65–67. One
way or other there have been several ways to fix the pa-
rameter involved in the range separately functionals. The
modified functionals obtained by using Bartlett’s ioniza-
tion potential (IP) theorem coupled with CAM-B3LYP
are known as CAM-QTP00 and CAM-QTP01, which are
the possible modifications within the CAM-B3LYP func-
tionals.
The range separated functional is constructed by di-
viding the Coulomb operator into short range and long
range part by combining with error function. The semilo-
cal short range part of exchange are constructed by com-
bining error function with the semilocal exchange hole.
In the range separation functionals, the range separation
is involved only in the exchange part. Whereas, there
is no range separation involved in correlation part be-
cause correlation is essential for both short range and
long range. All B88 family range separated functionals
(LC-BLYP,CAM-B3LYP, rCAM-B3LYP, CAM-QTP00
and CAM-QTP01) are constructed using LDA exchange
hole where the inhomogeneity is taken care by passing it
into the Thomas-Fermi wave vector as prescribed in 68,69.
Beyond te LDA exchange hole Tao-Mo22 recently devel-
oped density matrix expansion (DME) based semilocal
exchange hole, which satisfy some exact constraint like
(i) recovering uniform density limit, (ii)correct small u
expansion and (iii) large u diverges. All these properties
coupled with the inhomogeneity included in the k vector
through the normalization of exchange hole establish its
superiority over all other previously proposed exchange
hole. In this paper, the DME based exchange hole has
been used as a range-separated hybrid by suitably mixing
HF exchange with the semilocal meta-GGA type DME
exchange hole. The present attempt is to study the ther-
modynamic properties, the role of fractional occupation
number on an atom, dissociation curve and fractional
occupation number on dissociation limit of our DME
based range separated functional. All those properties
are compared with B88 family semilocal (BLYP), hybrid
(B3LYP) and range separated hybrid functionals (LC-
BLYP, CAM-B3LYP, rCAM-B3LYP, CAM-QTP00 and
CAM-QTP01). The main reason to choose only B88 fam-
ily because our DME based range separated functional
also use LYP correlation and exchange part is derived
from spherical averaged exchange hole instead of reversed
engineered of system averaged exchange hole70,71. Sys-
tem averaged exchange hole was used in LC-ωPBE and
HSE06 hybrids. Also, we observed that using TM pro-
posed meta-GGA correlation22 with our DME exchange
hole based range separated functional not producing sat-
isfactory results. Our present paper is organized as fol-
lows: in the next section, we will briefly discuss the range
separated functionals beyond the B3LYP hybrid func-
tional, then we will discuss the construction of our func-
tional. After that extensive study of our function for
thermodynamic properties and properties related to the
fractional occupation numbers will be studied. Lastly, a
comparison between hybrids and range-separated hybrids
are discussed.
II. RANGE SEPARATED FUNCTIONALS
BEYOND B3LYP HYBRID
The KS DFT ground state total energy is a unique
functional of density and given by,
EDFT [ρ] =
σ,occ∑
i
ni,σ〈ψi,σ | − 1
2
∇2|ψi,σ〉+
∫
ρ(r)vext(r)dr
+J [ρ] + Exc[ρσ],
(1)
where
J [ρ] =
1
2
∫ ∫
ρ(r)ρ(r′)
|r− r′| drdr
′ (2)
is the Hartree energy and Exc[ρσ] be the exchange-
correlation functional, which has to be approximated
within or beyond semilocal form. The total density ρ(r)
is the sum of spin polarized densities so that,
ρ(r) =
∑
σ=↑ or ↓
ρσ(r) =
σ,occ∑
i
ni,σ|ψi,σ|2
=
occ∑
i
|ψi,↑(r)|2 +
occ∑
i
|ψi,↓(r)|2
= ρ↑(r)) + ρ↓(r) (3)
Upon taking the functional derivative of Eq.(1), one ar-
rives at the single particle KS equation,
[−1
2
∇2 + vKSσ (r)]ψi,σ = ǫi,σψi,σ, (4)
where
vKSσ (r) = vext(r) +
1
2
∑
σ
∫ ∫
ρσ(r)
|r− r′|dr+ vxc,σ(r) (5)
and ǫi,σ is the KS orbital energy (or, KS eigenvalues).
The main challenge of KS DFT is to design the XC func-
tionals. Semilocal functionals are designed to compen-
sate both the accuracy and computational cost. Beyond
LDA (which is the lowest rung of Jacob’s Ladder), GGA
and meta-GGAs are also proposed with increased accu-
racy. On the 4th rung of Jacob’s Ladder, there are Hy-
brid functionals, which solves many density functionals
2
problems that are not achievable within semilocal density
functional approximations (DFA). Hybrid functionals are
proposed by mixing some portion of density functional
approximations (DFA) with non-local HF. One of the
most popular Hybrid functional is B3LYP. It accurately
describes the thermochemical properties. Hybrid func-
tionals use HF exchange without considering any range
separation. In spite of its grand success, it is failed to
accurately describe dissociation curve, reaction barriers
heights and properties associated with fractional occu-
pation numbers. It has been shown that B3LYP is over
delocalized in case of fractional occupation number and
wrongly predicts the dissociation curve. Therefore, it is
a great challenge to describe thermochemical properties
as well as describe the problems related to fractional oc-
cupation numbers on an equal footing. The search for
better functional than B3LYP is therefore always been
an intriguing research field. The factional charge per-
spective can be understood from Janak’s theorem72,
∂E
∂ni,σ
= ǫi,σ (6)
It has been proved from the generalized Kohn-Sham for-
malism (GKS)74 that for a fixed configuration (poten-
tial), the energy is stationary w.r.t the potential, only the
frontier level occupation ni=f able to change (δni=f = q).
Hence,
∂Ev
∂N
=
( ∂Ev
∂ni=f
)
v
= ǫi=f,σ, (7)
where nf = nLUMO if we fill up the highest unoccupied
orbital (q > 0) and nf = nHOMO if we remove particles
from the highest occupied orbital (q < 0). The semi-
nal work of Perdew et. al.55 shows that energy is piece-
wise linear in between addition of removing the fractional
number of electrons. If one adds fraction of particle q to
the ground state then energy becomes,
E(N0+q) = (1−q)E(N0)+qE(N0+1) 0 ≤ q ≤ 1 (8)
and
E(N0+q) = (1+q)E(N0)−qE(N0−1) −1 ≤ q ≤ 0 (9)
It has been observed that all semilocal density functional
approximations (DFA) failed to achieve the piecewise lin-
earity and predicts wrong energy for fractional occupa-
tion number and are highly delocalize. Whereas, HF is
highly localized due to the lack of correlation. This af-
fects thermochemical phenomena like barrier heights, dis-
sociation limit, Rydberg and charge transfer phenomena.
Deviation of linearity for fractional charge also observed
in the case of B3LYP hybrid, though it is a mixer of
DFA (highly delocalized) and HF (highly localized). On
the next level of B3LYP hybrid functional, it is proposed
to improve the properties related to fractional occupa-
tion number by using the long range corrected hybrid
functional like CAM-B3LYP, LC-BLYP, rCAM-B3LYP,
CAM-QTP00, CAM-QTP01. The general form of long
range corrected B3LYP family hybrid is given by,
EB88−RS−FAMILYxc = αE
HF
x + (1− α− β)EB88x + βEHFx
+γELY Px + (1− γ)EVWN5c + δ∆EB88x ,
(10)
The range separated parameters µ along with α, β enter
into the error function in the following way,
1
r12
=
α+ βerf(µr12)
r12︸ ︷︷ ︸
LR
+
1− [α+ βerf(µr12)]
r12︸ ︷︷ ︸
SR
(11)
In B88 family range separated hybrids HF is used in LR
part whereas DFA is used in SR part. The range sepa-
rated parameter µ, α and β control the amount of short-
range DFA and long-range HF Exchange. As r12 → 0,
the HF exchange fraction is α, while the DFA exchange
fraction is (1 − α). As r12 → ∞, the HF exchange frac-
tion approaches α + β and the DFA exchange fraction
approaches (1− α− β).
III. RANGE SEPERATED HYBRID WITH
SEMILOCAL EXCHANGE HOLE
Now we will propose a meta-GGA level range sepa-
rated hybrid using recently proposed semilocal exchange
hole22. The exchange hole is localized through the
generalized coordinate transformation and normalized
by passing inhomogeneity parameter through Thomas-
Fermi wave vector. Using the semilocal form of exchange
hole the short range part of the present range separated
hybrid can be found from the following equation,
ESR,DMEx = −
1
2
∫
d3rρ(r)
∫
1− erf(µu)
u
ρTMx (r, r+u) d
3u,
(12)
where ρTMx (r, r+u) is the DME exchange hole proposed
by Tao-Mo22. Thus substituting TM DME exchange hole
in Eq.(12), the short range part of semilocal exchange
energy becomes 73,
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FIG. 1. Histograms of mean absolute error of different functionals using (a) atomization energy of G2-148 molecules, (b) 11
isomerization energies of large molecules, (c) 21 ionization potentials, (d) 13 electron affinities (e) 8 proton affinities, (f) 12
alkali bond dissociation energies, (g) 11 hydrocarbon chemistry, (h) 13 thermochemistry of pi systems, (i) 76 (non)hydrogen
transfers barrier heights, (j) 31 noncovalent complexion energies. 6-311++(3df,3pd) basis set is used for all the calculations.
4
ESR,DMEx = −
∫
ρǫunifx
[ 1
f2
{
1− 8
3
a
(√
πerf(
1
2a
) + (2a− 4a3)e− 14a2 − 3a+ 4a3
)}
+
7L
9f4
{
1 + 24a2
(
(20a2 − 64a4)
e−
1
4a2 − 3− 36a2 + 64a4 + 10√πerf( 1
2a
)
)}
+
245M
54f4
{
1 +
8
7
a
(
(−8a+ 256a3 − 576a5
+3849a7 − 122880a9)e− 14a2 + 24a3(−35 + 224a2 − 1440a4 + 5120a6) + 2√π(−2 + 60a2)erf( 1
2a
)
)}]
,
(13)
where ǫunifx =
9piρ
4k2
f
, f = [1 + 10(70y/27) + βy2]1/10, L =
[3(λ2 − λ+ 1/2)(τ − τunif − |∇n|2/72n)− (τ − τunif ) +
7
18 (2λ−1)2 |∇ρ|
2
ρ ]/τ
unif ,M = (2λ−1)2 p, a = µ2fkf , kf =
(3π2ρ)
1
3 , τunif = 310k
2
fρ, y = (2λ− 1)2 p and p = |∇ρ|
2
(2kfρ)2
.
This is the short range part of our current range sepa-
rated hybrid and for long range we have used HF. In TA-
BLE I we presented the range separated parameters and
exchange and correlation for different range separated hy-
brids according to Eq.(10) and Eq.(11). From TABLE I
it is clear that the present range separated functional use
only LYP correlation with the DME based short range
corrected exchange energy. We named our functional as
DME-RS as it is density matrix expansion based range
separated functional.
TABLE I. Values of different parameters used in range sepa-
rated functionals
Exchange Correlation
Name α β µ δ γ
CAM-B3LYP 0.19 0.46 0.33 0.0 0.81
rCAM-B3LYP 0.18352 0.94979 0.33 0.13590 1.0
LC-BLYP 0.0 1.0 0.33 0.0 1.0
CAM-QTP00 0.54 0.37 0.29 0.0 0.80
CAM-QTP01 0.23 0.77 0.31 0.0 0.80
DME-RS 0.0 1.0 0.33 0.0 1.0
Combining all the SR and LR part our DME-RS hybrid
exchange correlation functional,
EDME−RSxc = E
SR,DME
x [ρ,∇ρ, τ ] + ELR,HFx + ELY Pc
(14)
In our case, we fixed the λ and β value as it is pescribed
in TM functional22 i.e., λ = 0.6866 and β = 79.873.
IV. RESULTS AND DISCUSSION
The newly developed DME-RS functional is imple-
mented in version 6.6 of NWChem75 code. The basis
set used for different calculations are indicated with the
test set we used in our calculations.
A. Thermochemical properties
We used Minnesota 2.0 data set32 for thermochemi-
cal tests. Only for atomization energy we used G2/148
molecular test set76–78, where all the geometries are op-
timized by MP2 level. More specifically, We heve con-
sidered following Thermochemical tests: (i) G2/148 - at-
omization energy of 148 molecules , (ii) IsoL6/11 - 11
isomerization energies of large molecules, (iii) IP21 - 21
ionization potentials, (iv) EA13/03 - 13 electron affini-
ties, (v) PA8/06 - 8 proton affinities, (vi) ABDE12 - 12
alkyl bond dissociation energies, (vii) HC7/11 - 11 hydro-
carbon chemistry, (viii) πTC13 - 13 thermochemistry of
π systems, (ix) HTBH38/08 - 38 hydrogen transfers bar-
rier heights, (x) NHTBH38/08 - 38 non-hydrogen trans-
fers barrier heights, (xi) NCCE31/05 - 31 noncovalent
complexion energies, (xii) DC9/12 - 9 difficult cases. All
calculations are performed using 6-311++(3df,3pd) ba-
sis set. The performance of our DME-RS along with all
other functionals for thermochemical test set are sum-
marized in TABLE II, where we have given the mean
absolute errors (MAE) of each test set.
From TABLE II it is evident that B3LYP and CAM-
B3LYP are producing equivalence MAE for atomization
energies. It is not surprising because both the B3LYP
and CAM-B3LYP are parametrized to reduce the MAE
of atomization energy. Third best is our DME-RS func-
tional. We obtain MAE of 5.09 Kcal/mol using our DME-
RS functional. The rCAM-B3LYP has greater MAE
compared to our DME-RS functional. The QTP func-
tionals all have greater MAE than rCAM-B3LYP in at-
omization point of view. The BLYP and LC-BLYP are
far away from the accuracy. Next, we have computed
the isomerization energies of 11 large molecules and ob-
served that LC-BLYP has least MAE and next best is
our DME-RS. In case of ionization potential of 21 test
set, DME-RS is superior to other functional with MAE
3.92 Kcal/mol. For the electron affinities of 13 test set
rCAM-B3LYP is superior to other functionals. In this
case the MAE of DME-RS is 2.97 Kcal/mol. In case of
PA, our parametrized DME-RS gives almost equivalent
results with that of B3LYP. Among QTP functionals,
QTP-00 has less MAE than rCAM-B3LYP. For the set
of 12 alkyl bond dissociation energies (ABDE), CAM-
QTP01 is most accurate one. The MAE of DME-RS
is almost equivalence to that of B3LYP. In the case of
HC7/11, both CAM-B3LYP and DME-RS outperformed
other functionals. In the case of 13 thermochemistry of π
systems, rCAM-B3LYP is the best performer. The MAE
of our DME-RS is less than that of B3LYP in this case.
For hydrogen and non-hydrogen reaction barrier bench-
marks, our DME-RS outperformed all other range sepa-
5
TABLE II. Summary of deviation using different methods. Mean absolute error (MAE) are calculated here. All MAE are given
in Kcal/mol unit.
Method BLYP LC-BLYP B3LYP CAM-B3LYP rCAM-B3LYP CAM-QTP00 CAM-QTP01 DME-RS
G2/148 10.94 23.20 4.31 4.33 5.41 14.16 9.89 5.09
IsoL6/11 3.65 1.82 2.54 2.03 2.27 2.32 2.03 1.96
IP21 4.38 7.39 5.29 4.56 9.08 9.30 8.74 3.92
EA13/03 2.56 2.56 2.22 1.96 1.85 3.74 1.93 2.97
PA8/06 1.62 4.77 1.10 1.37 2.79 1.54 2.42 1.19
ABDE12 11.51 3.04 9.67 6.63 3.41 7.77 2.52 9.08
HC7/11 26.56 10.33 15.93 5.35 8.77 9.16 9.58 5.37
piTC13 5.77 1.95 5.77 3.40 1.39 5.28 1.79 4.19
(N)HTBH76/08 8.38 5.39 5.79 2.99 2.39 2.97 2.85 1.98
NCCE31/05 1.54 1.17 0.95 0.58 0.58 0.42 0.70 0.45
DC9/12 27.07 52.93 20.81 9.53 16.98 30.33 23.35 15.70
FIG. 2. graphical representation of mean absolute error of
different functionals using 9 difficult cases of Minessota 2.0
data set. The 6-311++(3df,3pd) basis set is used.
rated, hybrid and semilocal functionals. It is well known
that B3LYP is not a good candidate for reaction barrier,
though the performance of its atomization energy is best
compared to other functionals. Because errors in the re-
action barriers mainly occur due to the problem of self-
interaction error in the transition state. The DME-RS
short range corrected functional combined with LYP re-
duces the self-interaction error compared to B3LYP and
CAM-B3LYP (discussed later). Actually, the inclusion
of KS-KE density makes our functional very good per-
former than all other GGA based functionals. That is
why meta-GGAs are treated as the most advanced func-
tionals in semilocal level also due to its energy ingredients
are more accurate than GGAs. For the NCCE31 test set
DME-RS and CAM-QTP00 equivalently give the same
MAE, which is the best among all other functionals. For
DC9 test set, DME-RS is the second best performer after
CAM-B3LYP.
B. Fraction occupation number in an atom
Studying fractional occupation number in an atom is
important from the different physical point of view as it
is directly related to the solid state properties involving
band gap. There are several literature that have con-
sidered this phenomena47–56. Here, we consider the C
atom to demonstrate the deviation of range separated
functionals from exact straight line behavior.
In Fig-(3) we demonstrated the behavior of our func-
tional along with all other B88 family functionals. The
C atom is neutral at atomic number 6. We varied to-
tal particle number from 5 to 7 in steps 0.05 (q). In
between 5 ≤ N < 6 the exact behavior is obtained from
the experimental ionization potential (IP) data, whereas,
in between 6 < N ≤ 7 it is obtained from the exper-
imental electron affinity (EA). Thus the exact straight
line behaviors are just experimental IP and EA. The
only semilocal function we have used for comparison is
BLYP functional. Semilocal functional has inherent de-
localization error, which delocalized both HOMO and
LUMO from its exact behavior. HF has a tendency
to overlocalize the HOMO and LUMO. Therefore, the
inclusion of HF exchange with semilocal form actually
compensates both the localization and delocalization er-
ror. Most impressive error minimization is observed for
rCAM-B3LYP, DME-RS, LC-BLYP, CAM-QTP00 and
CAM-QTP01. The LC-BLYP is long range corrected
version of BLYP. As expected, it minimizes the delo-
calization error due to the inclusion of HF exchange.
The CAM-BLYP also shows significant delocalization er-
ror but less than B3LYP. The CAM-B3LYP shows more
delocalization in between 6 ≤ N ≤ 7. In this region
larger delocalization means unstable C− anion. The
rCAM-B3LYP improves upon CAM-B3LYP because it
has been parametrized to reduce the error of delocal-
ization of CAM-BLYP. In C+ (cation) rCAM-B3LYP,
CAM-QTP00, and CAM-QTP01 match exactly with the
exact straight line. In this case our meta- GGA range
separated DME functional slightly deviates from rCAM-
B3LYP, CAM-QTP00, and CAM-QTP01. Interestingly,
we obtain almost exact straight line behavior of DME-
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FIG. 3. (a) Shown is the energy difference of C atom as a function of electron number. The exact line is obtained using
experimental -IP and -EA. Deviation of different functionals from exact piecewise linear behavior are shown for C atom for (b)
−1 ≤ q ≤ 0 and (c) 0 ≤ q ≤ 1. The 6-311++(3df,3pd) basis set is used for all the calculations.
TABLE III. Comparison of orbital energies of different functionals for C, Li and Ne. All values are in eV. The 6-311++(3df,3pd)
basis set is used.
Atom Name −εLUMO[N ] EA −εHOMO[N ] IP −εHOMO[N ]− [−εLUMO [N ]] IP-EA
BLYP 5.005 1.642 5.740 11.071 0.735 9.429
B3LYP 3.972 1.727 7.075 11.163 3.103 9.435
CAM-B3LYP 2.375 1.735 8.824 11.145 6.448 9.410
rCAM-B3LYP 0.745 1.729 10.738 11.154 9.992 9.425
C LC-BLYP 1.565 1.868 9.751 11.127 8.186 9.258
CAM-QTP00 0.934 1.588 10.489 11.063 9.556 9.475
CAM-QTP01 1.240 1.812 10.194 11.150 8.954 9.338
DME-RS 0.794 1.640 9.925 11.141 9.131 9.501
Expt. 1.262 11.26 10.00
BLYP 1.536 0.455 3.081 5.528 1.544 5.073
B3LYP 1.434 0.556 3.648 5.626 2.214 5.069
CAM-B3LYP 1.035 0.507 4.647 5.600 3.611 5.093
rCAM-B3LYP 0.538 0.475 5.750 5.619 5.212 5.144
Li LC-BLYP 0.593 0.452 5.385 5.581 4.791 5.129
CAM-QTP00 0.828 0.507 5.268 5.591 4.440 5.084
CAM-QTP01 0.780 0.516 5.462 5.621 4.681 5.105
DME-RS 0.564 0.438 5.369 5.522 4.805 5.084
Expt. 0.62 5.39 4.77
BLYP -3.058 -6.214 13.387 21.702 16.446 27.916
B3LYP -3.704 -6.197 15.674 21.746 19.378 27.943
CAM-B3LYP -4.930 -6.273 17.693 21.765 22.623 28.039
rCAM-B3LYP -6.137 -6.314 19.906 21.788 26.044 28.103
Ne LC-BLYP -5.720 -6.251 18.160 21.952 23.880 28.203
CAM-QTP00 -5.795 -6.429 20.850 21.463 26.646 27.893
CAM-QTP01 -5.834 -6.288 19.412 21.799 25.247 28.088
DME-RS -6.126 -6.457 18.163 21.745 24.290 28.203
Expt. -5.50 21.56 27.06
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FIG. 4. Shown is the highest occupied energy of C atom as
a function of electron number N. Exact εHO is obtained from
-IP and -EA. The 6-311++(3df,3pd) basis set is used.
RS in the range of 6 < N ≤ 7, where slight over localiza-
tion is observed for rCAM-B3LYP and CAM-QTP00 and
slight delocalization observed in case of CAM-QTP01.
Our meta-GGA DME-RS dme functional therefore supe-
rior in case of describing the stability of C− anion. In
Fig-(3b) and Fig-(3c), we have shown the deviation of
different functionals from exact piecewise linear behavior
for C atom in the range −1 ≤ q ≤ 0 and 0 ≤ q ≤ 1. Here,
we have calculated ∆E by using following formula:
∆Eq∃[0,1] = E(N0 + q)− [(1− q)E(N0) + qE(N0 + 1)]
∆Eq∃[−1,0] = E(N0 + q)− [(1 + q)E(N0)− qE(N0 − 1)]
(15)
Comparison are shown among those functionals which
are close to exact one. From Fig-(3b) and Fig-(3c), it
is clear that in −1 ≤ q ≤ 0 rCAM-B3LYP closer to
the exact one and in 0 ≤ q ≤ 1 rCAM-B3LYP and
CAM-QTP00 has a tendency to slightly over delocal-
ize, whereas CAM-QTP01 and DME-RS are more close
to exact one. The stability of C+ cations and C− an-
ions also reflects in Fig-(4), where we have shown the
energy of highest occupied energy by changing the oc-
cupation number. The BLYP and B3LYP show positive
εHO value, which is an artifact of the instability of C
−
anion for those functionals. For 5 ≤ N ≤ 6 all the hybrid
functionals deviate more or less from exact linearity of
-IP. In 6 ≤ N ≤ 7, DME-RS shows almost linear depen-
dence of total energy on N, predicts accurate total energy
of C atoms and its anions. The CAM-QTP00 and CAM-
QTP01 functionals show similar behavior as obtained by
rCAM-B3LYP. Generally speaking, our meta-GGA range
separated hybrid predicts very well the orbital energy and
almost shows linear behavior, though it is not designed
to optimize the error of delocalization. The semilocal
exchange hole used here has unique property that was
previously missed in rest of the range separated hybrid.
Therefore, though it is not designed for reducing the delo-
calization error, it shows some inherent localization due
to the fact that its obtain from the localized exchange
hole.
Now, restoring back to the Janak’s theorem72, which
tells us that variation of the total energy w.r.t the occu-
pation is equal to the eigenvalue of that orbital. From
this theorem, it can be proved that the variation of total
energy w.r.t the total number of particles is equal to the
HOMO eigenvalue as we consider variation of the particle
number of frontier orbital only, which is either HOMO or
LUMO orbital. Therefore, during the occupation number
variation of frontier orbital,
E(N)− E(N − q) =
∫ q
0
εHOMO∂q
i.e., lim
q→0
∂E(N + q)
∂q
= εHOMO − 1 ≤ q < 0.(16)
or,
E(N)− E(N + q) =
∫ q
0
εLUMO∂q
i.e., lim
q→0
∂E(N + q)
∂q
= εLUMO 0 < q ≤ 1. (17)
Hence, during the variation of the occupation, energy
should fix at εHOMO for −1 ≤ q < 0 and εLUMO for
0 < q ≤ 1. In Fig-(4), we compared the performance of
our DME-RS with all the semilocal, hybrids and range
separated hybrids constructed from B88 family for C
atom. In the range −1 ≤ q < 0 all the hybrid functionals
deviate less or more from exact linearity of -IP. Whereas,
in the range of 0 < q ≤ 1 DME-RS shows almost linear
dependence of total energy on N. The CAM-QTP00 and
CAM-QTP01 functionals show similar behavior as ob-
tained by rCAM-B3LYP. For better physical insight we
compared the HOMO and LUMO energy values with IP
and EA obtained from different functionals. In TABLE
III, we compared the performance of different functionals
for C, Li and Ne atoms.
As it is known from exact DFT the highest occu-
pied and lowest unoccupied KS energy eigenvalue are
equal to the -IP and -EA. We have tested this fact
for all the B88 family functionals along with our meta-
GGA range separated functionals. Among all function-
als, CAM-QTP01 quite closely obtain εLUMO =-EA (ex-
perimental). The CAM-QTP00 is the next functional
which obtain the LUMO eigenvalue close to the exper-
imental -EA. The rCAM-B3LYP and DME-RS produce
almost equivalent LUMO eigenvalue energy. Whereas,
all other functional overestimated the LUMO. In case
of HOMO eigenvalue and -IP, we obtained good agree-
ment with rCAM-B3LYP, which is also evident from the
fractional occupation curve of Fig-(3). Our DME-RS ob-
tained almost equivalent results with CAM-QTP01 and
CAM-QTP00 and behave similarly with rCAM-B3LYP.
Though the DME-RS is not parametrized by satisfy-
ing ionization potential theorem or minimizing the er-
ror during fractional occupation number. But, it pre-
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dicts the KS eigenvalues with -IP and -EA quite accu-
rately. As we know that getting accurately the HOMO-
LUMO energy difference is important in the sense that
different excited state properties in the molecular sys-
tems are directly connected to the orbital energy. Also,
solid state band gap is connected to the orbital energies
as −εHOMO + εLUMO = IP − EA = Eg (fundamental
band gap). Therefore, it is important to obtain HOMO-
LUMO gap accurately. It is evident from the analysis of
C, Li and Ne results that rCAM-B3LYP determines well
with the HOMO-LUMO energy which is very close to the
experimental IP-EA, because it is parametrized to reduce
the error of the fractional occupation number. Next good
comparison is found for CAM-QTP00. Both QTP func-
tionals are designed by satisfying Berlett’s IP theorem.
In the case of Li, we found that DME-RS outperformed
rCAM-B3LYP and CAM-QTP functionals in predicting
HOMO-LUMO energy difference and its equivalence with
the experimental IP-EA. Whereas, in the case of Ne,
rCAM-B3LYP, CAM-QTP and DME-RS perform almost
equivalently.
C. Dissociation curve of H+2
Another challenge in quantum chemistry is to predict
accurately the dissociation curve of H+2 molecule, which
is a paradigm system in quantum chemistry. Semilo-
cal DFA failed to describe the dissociation curve prop-
erly. The fundamentally wrong prediction of dissociation
curve is due to the inherent limitation of delocalization
error in case of fractional occupation number. Perdew-
Zunger self-interaction correction improves the dissocia-
tion curve as shown in ref.47,49,54. For H+2 molecule, HF
is taken to be exact one because no correlation present
in the system. At R = 10A˚ each H atom has fractional
(0.5) electron, which is beyond the limit of semilocal
functional to describe accurately. The semilocal BLYP
functional deviates from the exact value more as shown
in Fig-(5). B3LYP only improves moderately the dis-
sociation curve over BLYP and predict wrong dissocia-
tion limit. Though CAM-B3LYP improves the dissocia-
tion curve, still it is almost 46 Kcal/mol less than HF.
Most significant improvements are observed for rCAM-
B3LYP, CAM-QTP00, CAM-QTP01, LC-BLYP and our
proposed DME-RS. On the right side of Fig-(5), we ob-
tain the deviation of the exact energy of H atom for frac-
tional occupation number. Here, we have plotted the en-
ergy difference computed at the integer particle numbers
to that of the piecewise linear interpolation i.e.,
∆E = E(N + q)− [(1− q)E(N) + qE(N + 1)] (18)
It is obtained that parametrized rCAM-B3LYP per-
formed well among QTP and DME-RS. The deviation of
rCAM-B3LYP, QTP-00, QTP-01 and DME-RS at q = 12
are -5.42 Kcal/mol,-7.15 Kcal/mol, -8.43 Kcal/mol and
-9.52 Kcal/mol respectively.
It is also noteworthy to mention that at one particle
framework, the energy of H atom should equal to the
HOMO energy value. HF, which is exact in one particle
framework only satisfy this condition. All other function-
als seem to deviate from this exact conditions.
TABLE IV. Energy and HOMO eigenvalue of hydrogen atom
obtain from different functionals. All values are in Hartree.
The 6-311++ (3df,3pd) basis set is used.
Energy(Ha) HOMO(Ha)
HF -0.499 -0.499
BLYP -0.497 -0.272
B3LYP -0.502 -0.322
CAM-B3LYP -0.498 -0.386
rCAM-B3LYP -0.496 -0.455
LC-BLYP -0.490 -0.417
CAM-QTP00 -0.499 -0.475
CAM-QTP01 -0.496 -0.435
DME-RS -0.498 -0.434
D. Fraction occupation number on dissociation
limit
LiF molecule seems to be a good example to discuss
the influence of the fractional change during dissociation
of a molecule. This example has been considered in pre-
vious work also47,56. Here, we will compare our DME-RS
with other range separated hybrids, hybrids and semilo-
cal functionals. Since, IP(Li)>EA(F), it dissociates into
neutral Li and F atom. It has been shown that in molec-
ular dissociation limit DFAs show spurious behavior and
deviates from the exact straight line. To test the per-
formance and behavior of each functional we consider
that during dissociation electron flows from Li to F atom,
make Li→Li+q and F→F−q. Overall, one can write as
Li + F → Li+q + F−q and the difference between the
energy of Li+q + F−q − (Li + F ) = ∆E is the measure
of the performance of the different functionals. Here,
we have calculated the total energy of separate subsys-
tem with the fractional number different from that of a
neutral total system. the performance of all the func-
tional is presented in Fig-(6). The semilocal functionals
are found to be accurately predict the total energy for
the integer charge as shown for BLYP in Fig-(6). Both
q = 0 and q = 1, BLYP matches perfectly well with
that of exact one. But for fractional occupation num-
ber it deviates quite largly than all other hybrid and
range separated functionals. This is due to the fact that
semilocal functional has an inherent problem of MESI
during fractional charge particle. Semilocal functionals
have a tendency to predict accurate energy at in integer
particle number but not in between two integer num-
bers. Semilocal functionals are designed to satisfy the
total energy at integer particle number. B3LYP seems
to be better than BLYP because it mixes HF exchange,
but still, it shows minimum nature of curve instead of
9
0 2 4 6 8 10
R (Å)
-70
-60
-50
-40
-30
-20
-10
0
10
20
30
40
50
∆E
 (K
ca
l/m
ol)
CAM-B3LYP
DME-RS
rCAM-B3LYP
HF
B3LYP
CAM-QTP00
CAM-QTP01
LC-BLYP
BLYP
(a)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
q
-50
-45
-40
-35
-30
-25
-20
-15
-10
-5
0
∆E
 (K
ca
l/m
ol)
B3LYP
CAM-B3LYP
DME-RS
rCAM-B3LYP
BLYP
LC-BLYP
CAM-QTP00
CAM-QTP01
Exact
(b)
FIG. 5. (a) dissociation curve of H+2 obtained from different functional form and (b) deviation of exact energy of H atom for
fractional occupation number. The 6-311++(3df,3pd) basis set is used.
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FIG. 6. The energy difference of the dissociation of LiF
shown using different functionals with respect to fractional
charges through the reaction Li + F→ Li++F−. The 6-
311++(3df,3pd) basis set is used.
the actual straight line. Now, we consider the compar-
ison among all range separated functionals. Among all
range separated functionals rCAM-B3LYP very close to
the actual straight line. After CAM-QTP01 functional
and DME-RS seems to be very close to the actual one.
The DME-RS has slight minimum nature as shown in
Fig.(6). CAM-QTP00 match exactly at q = 0, but de-
viates almost 13 Kcal/mol at q = 1. CAM-B3LYP show
deviation of almost 2 Kcal/mol at q = 1. Our DME-RS
is very close at q = 1 than all other functionals.
E. B3LYP hybrid versus other range separated
hybrid
The role of exact exchange was first proposed by Becke
in the series of seminal papers34. The first step towards
the succesful attempt to mix globally HF exchange with
semilocal functional came with B3LYP hybrid, which
is still all in one very good performer for the quantum
chemist. B3LYP is a GGA type functional, which uses
only density and gradient of density. Later, it has been
realized that in spite of its grand success for thermo-
chemistry there are few cases in which B3LYP failed to
achieve accuracy. Especially, in describing the reaction
barrier heights and solid state properties where fractional
occupation number play important role. It has been ob-
served that B3LYP is far from accuracy in describing
reactions barriers. As a source of errors, it has been
realized that semilocal functional and hybrid B3LYP de-
viates from the actual straight line nature of fractional
occupation number. Beyond the dawn of B3LYP, the
1st range separated hybrid using the B88 exchange was
proposed by Tozer et. al.59. Their CAM-B3LYP used
HF in the long range part and B88 in short range using
the range separation. It has been observed that in many
cases CAM-B3LYP outperformed B3LYP without hin-
dering accuracy of atomization energies. Interestingly,
in describing H+2 dissociation curve CAM-B3LYP is far
better than B3LYP. It automatically reduces the error
of reaction barriers also. Later, Cohen et. al.48 further
parametrized CAM-B3LYP by reducing the MESI error
by realizing that MESI solves many problems including
dissociation limit and reaction barriers. Therefore, the
search for better functional than B3LYP hybrid contin-
uous to be an active research field with promisingly new
perspective. Further modifications of CAM-B3LYP was
done by Ranasinghe et.al.56 in their QTP functionals.
They used Barlett IP theorem to fix the parameters re-
lated to the the range separation functionals. So long all
the proposed modifications were within GGA formalism.
Beyond GGA formalism, we here proposed a meta-GGA
type range separated functional using recently proposed
DME exchange hole by Tao-Mo22. The range separation
parameters we used here was fixed to reduces the MAE of
atomic total energies, this automatically reduces the er-
ror of atomization energies over rCAM -B3LYP and QTP
functional. Though our functional is not designed to re-
duce the MESI, it has been observed that it is a very
good performer in many cases, especially in describing
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reaction barriers height. The dissociation curve we ob-
tain is much better than CAM-B3LYP. The main reason
of the improvement can be explained by the inclusion of
KS-KE. It is well-known fact that most advanced semilo-
cal functional are meta-GGAs. Therefore, no doubt that
using meta-GGA exchange hole also improve all the prop-
erties that are achievable using range separated hybrids.
V. CONCLUSIONS
We have performed several comprehensive testing of
our KS-KE dependent DME based meta-GGA type long
range corrected range separated hybrid with all B88 fam-
ily based semilocal, hybrid and range separated hybrid.
For comparison we choose only the B88 family function-
als because they use LYP and VWN correlation. LYP
correlation we used with our DME-RS functionals. We
have tested our functional from thermochemical proper-
ties using Minessota 2.0 data set to all the properties
related to the fractional occupation number. BLYP, LC-
BLYP, B3LYP and CAM-B3LYP are functionals that
have been designed to less the errors of atomization en-
ergies. It has been shown that our DME based range
separated functional is a very good performer for IsoL6,
PA8, HC7, barrier height and NCCE31 data set. Not
only that, for properties related to the fractional occu-
pation number our DME-RS better than B3LYP and
CAM-B3LYP, though it is not designed to reduce the
MESI error. Other functionals like rCAM-B3LYP is a
very good performer because it is parametrized to re-
duces to MESI and QTP functionals are parametrized
to satisfy Berlett’s IP theorem. The main reason for
the improvement of our DME-RS over other range sepa-
rated functionals are because it is constructed using full
spherical averaged normalized meta-GGA type exchange
hole. The exchange hole also used generalized coordinate
transformation, which makes the exchange hole localized.
However, the coordinate transformation parameter has
been fixed using H atom. It is designed using the bal-
anced treatment of localized and conventional exchange
hole22. Lastly, we conclude that our DME-RS can be fur-
ther improved using the method of reduction of MESI,
as proposed by Cohen et. al.48. Also, using meta-GGA
correlation proposed by Tao et. al.17 DME-RS can be
further improved. In that case, we have to take care of
the full Tao-Mo exchange hole22.
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